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We consider the interaction between a particle beam and a propagating electromagnetic wave
in the presence of a metamaterial. We show that the introduction of a metamaterial gives rise to
a novel dispersion curve which determines a unique wave particle relationship, via the frequency
dependence of the metamaterial and the novel ability of metamaterials to exhibit simultaneous
negative permittivity and permeability. Using a modified form of Madey’s theorem we find that the
novel dispersion of the metamaterial leads to a amplification of the EM wave power.
PACS numbers:
I. INTRODUCTION
Metamaterials are artificial macroscopic composites
with a periodic cellular structure which produce two or
more responses not available in nature in response to a
specific excitation [1]. In this paper we focus on a class of
metamaterials with negative permittivity and permeabil-
ity, termed ”Double NeGative materials” (DNG). Vese-
lago [2] showed that a DNG material can control the
phase of the EM field to give an effective negative index
of refraction, achieved by the DNG presenting a relatively
high opposing EM field. Realization of DNG materials
has been achieved using two different techniques; a lat-
tice of split-ring resonators and thin wires [3], and loaded
transmission lines [4–7]. These metamaterials have been
used to construct a range of novel microwave devices such
as antennas [6–8], phase-shifters [9, 10], couplers [11, 12],
broadband/compact power-dividers [13] and other de-
vices such as beam steerers, modulators, band-pass filters
and lenses.
In this paper we consider the application of metama-
terials to Traveling Wave Tubes (TWT). The TWT pro-
posed in the 1940’s by Kompfner [14] remains the driving
technology for many applications ranging from commu-
nications to radar. The principle of the TWT is to am-
plify an applied EM wave of a specific frequency. This is
achieved by passing the EM wave through a Slow Wave
Structure (SWS) simultaneously with an electron beam,
such that wave and beam pass through the structure with
similar velocities, for the EM wave this is determined by
the dispersion relationship of the SWS . The interaction
between electron beam and EM field results in an energy
transfer from beam to wave. To date three papers [16–18]
have considered metamaterials in TWTs, all used meta-
materials to line the side of the structure to minimise
losses and increase efficiency. We consider the case where
the metamaterial forms part of the SWS. The basis of our
structure is a Folded Waveguide (FWTWT) with a meta-
material inset, as shown in figure 1, where a TE01 wave
propagates along the waveguide. We introduce metama-
terial at the interaction region between beam and wave,
controlling the FWTWT dispersion relationship via the
FIG. 1: The traveling wave structure considered here, con-
sisting of a folded waveguide with a metamaterial insert, the
electron beam passes through the middle of the structure.
metamaterial, to define a unique beam-wave interaction,
triggering a novel gain-frequency phenomena.
II. METHODOLOGY
For effective energy transfer between beam and EM
wave the phase velocity (determined by the dispersion)
of the wave must approximately match the velocity of
the electron beam. In the conventional FWTWT this
is achieved via the periodicity of the folded waveguide
[19] to slow down the wave, generating Spatial Harmon-
ics Wave Components (SHWC) parallel to the beam.
The SHWC interact with the beam resulting in energy
transfer. By a superposition of the spatial harmonics
( ~Em(x, y)) the field parallel to the beam can be expressed
by Floquets theorem [20] as;
~E(z) =
∞∑
m=−∞
~Em(x, y)e
−iβmz, βm = β +
2mπ
p
(1)
2To ensure that the phase of the EM field is the same at
each point where wave and beam interact, the wave takes
the long path around the folded wave guide, hence the
period in the beam frame of reference is half the geomet-
rical period of the structure shown in figure1. This phase
shift results in a propagation constant β [21]:
β = β0
(
1 +
h
p
)
+
π
p
= ωt = ω(p/ve) (2)
β0 = c
−1
√
ω2 − ω2c (3)
ω is the frequency of the incident EM wave, ωc is the
waveguide cutoff frequency, p and h are the period and
height of the structure, and β0 is the TE01 rectangular
waveguide propagation constant. This form of equation
2 ensures that wave arrives at the interaction region with
the same phase as previously seen by the beam. Using
equations 1 and 2 we can derive the dispersion relation-
ship for the mth SHWC;
ω =
√
ω2c +
c2
(1 + h/p)2
(
βm −
2mπ + π
p
)2
(4)
For the conventional TWT the dispersion relation-
ship and hence the phase velocity (ω/β) is solely defined
through the physical dimensions of the structure. We
now consider the effect caused by inserting a metama-
terial, of length ∆h into the waveguide at the point of
interaction between wave and beam. In a macroscopic
medium the interaction with an electromagnetic wave is
described through the constitutive relationships;
Dˆ = ǫ0Eˆ + P = ǫEˆ
Bˆ = µ0Hˆ +M = µHˆ
(5)
where Dˆ and Bˆ are the averaged electric and magnetic
flux density, Eˆ and Hˆ are the averaged electric and mag-
netic field, P is the averaged polarization (electric dipole
moment density), and M is the averaged magnetization
(magnetic dipole moment density). ǫ and µ the permit-
tivity and permeability of the material define how the
material responds to an applied EM field. Equation 5
represents a slab of a isotropic, homogeneous material
and can be described by a dispersive Drude (permittiv-
ity) and Lorentz (permeability) model [8]. Where the
permittivity and permeability can be defined as:
ǫr(ω) = ǫ∞ −
ǫ∞ω
2
p
ω(ω − ivc)
(6)
µr(ω) = µ∞ +
(µs − µ∞)ω
2
0
ω20 − ω
2 + iωδ
(7)
FIG. 2: The real component of equations 6 and 7, with the
parameters ǫ∞ = 1.62, µ∞ = 1.12, µs = 1.26, ωp = 2π14.62
GHZ, ω0 = 2π9.56 GHz, vc = 3.07 · 10
7, and δ = 1.24 · 109.
ǫ∞ the permittivity in the high frequency limit, ωp
the radial plasma frequency, vc collision frequency. µs
(µ∞) the permeability at the low(high) frequency limit,
ω0 radial resonant frequency, and δ damping frequency.
Considering equations 6 & 7, as shown in figure 2, we
note that ǫr and µr show a frequency range over which
both ǫr and µr are negative, in this region the material
is a DNG. Assuming the metamaterial is isotropic the
phase constant (βmm) describing TE01 propagation is no
different to that describing a dielectric,
βmm(ω) = c
−1
√
ω2ǫr(ω)µr(ω)− ω2c (8)
This results in the modification of equation 2 to accom-
modate the phase shift due to the metamaterial region
as;
γn = β0
p+ h−∆h
p
+ βmm(ω)
∆h
p
+ (2n+ 1)
π
p
(9)
Rearranging equation 9 yields the dispersion relation-
ship, equation 10. Comparing the dispersion relation-
ships for the non-metamaterial structure (equation 4)
and the metamaterial structure (equation 10), in the
non-metamaterial the dispersion (and wave velocity) is
defined by the dimensions of the waveguide, whereas in
the metamaterial structure the dispersion now exhibits a
frequency material dependence.
ω =
√
c2
(
γn −
(
π(2n+ 1)
p
+ βmm(f)
∆h
p
))2
α+ ω2c
(10)
α =
(
p
p+ h−∆h
)2
(11)
Hence for a given form of ǫr(ω) and µr(ω) we can de-
fine a unique dispersion curve. The form of ǫr(ω) and
µr(ω) is specified by careful design of the metamaterial to
3FIG. 3: Zeroth and first order SHWC dispersion curves, the
solid line shows the dispersion for the metamaterial TWT
and the doted lines shows the dispersion for the conventional
TWT.
give additional control over the dispersion. Considering
a metamaterial with the following material properties,
ǫ∞ = 1.62, µ∞ = 1.12, µs = 1.26, ωp = 2π14.62 · 10
9,
ω0 = 2π9.56 · 10
9, vc = 3.07 · 10
7 m/s, δ = 1.24 · 106,
∆h = 5 mm, we can examine the form of the dispersion
relation has on the SHWC, as shown in figure 3. The
dotted line in figure 3 shows the dispersion curve of a
conventional FWTWT (equation 4) and the solid curve
is the metamaterial loaded FWTWT. The presence of
the metamaterial has marked effect on the dispersion of
the SHWC, in particular the turning point at 9.7 GHz in
the dispersion. From figure 2 we note the turning point
in figure 3 relates to the start of the regime where the
metamaterial has both ǫr, µr < 0 (i.e. a DNG).
The dispersion curve of each harmonic can be consid-
ered as consisting of two branches, ”left” and ”right” of
the phase constant associated with the cut-off frequency
(the minima in ω). In conventional FWTWTs, the group
velocity (vg = ∂ω/∂β) which indicates the direction of
power flow, in the left branch is vg < 0, while in the
right branch is vg > 0. In the metamaterial FWTWT
the dispersion curve exhibits a turning point giving rise
to a discontinuity in both group velocity and phase veloc-
ity, at the turning point the wave does not have a coher-
ent group. This feature in the dispersion curve creates a
frequency regime where harmonics of both left and right
branches can have vg > 0 and vg < 0. Above the turning
point individual harmonics consist of both left and right
branches with positive group velocity, which implies both
branches flow forward with EM power. However analy-
sis of the spatial harmonics verifies that only the right
branch components are physically triggered with the for-
ward EM wave.
To determine the energy transfer from beam to wave
we utilize Madeys theorems [22], which relates the phase
averaged energy spread to the phase averaged energy
change experienced by an electron as it passes through
the interaction region. The theory uses the first two
terms of a perturbation expansion of the Lorentz force
based on a single particle analysis in which a uniformly
distributed electron beam, ignoring space charge, is in-
jected into the system. The theorem links the sponta-
neous emission of photons by a single electron passing
through the structure to the stimulated emission. The
first perturbation energy term of the Lorentz equation
γ1, is taken at entry and exit from the structure, the dif-
ference ∆γ1 is averaged over the phase of the applied EM
field to yield equation 12. This change in energy ∆γ1 re-
lates to the classical spontaneous power spectrum from
Maxwell’s equations from the beam[22].
< ∆γ21 >=
〈(∫
dr
−e ~E · v0
m0c2
)2〉
(12)
The 2nd order perturbation term relating the energy
change in the beam due to stimulated emission is a con-
sequence of a generalized framework in Hamiltonian me-
chanics and is given by;
< ∆γ2 >=
1
2
d
dγ
< ∆γ21 > (13)
If we now consider the electron beam as consisting of
N electrons entering the system every second we can then
write the power increase in the EM wave as;
∆P = −
1
2
d
dγ
< ∆γ21 > m0c
2N (14)
The complexity of the full form of ∆P requires a nu-
merical approach to calculation, a full derivation will fol-
low in a future publication. With a change of variable
and via substitution of the above terms we can express
the change in power as;
∆P =
ω2µ
β0
L3
2ab
Z2
d
dX
(
sin2 (X)
X2
)
c
γ3
1
v3e
(
mc2Ib/e
)
(15)
Z = e
mc2
b
p
sinc
(
β′n
b
2
)
γ = 1 + Vacc
/ (
m0c
2
)
X =
(
ω
ve
− β′n
)
L
2
This form introduces the beam current (Ib) and the
voltage though which the beam has been accelerated
(Vacc). The sign of X is determined by the differences
in velocity between wave and beam, which for X < 0
indicates that initial the beam velocity is greater than
the wave velocity. When the beam has higher velocity
energy is exchanged from beam to wave until the veloc-
ities synchronism. Figure 4 is a plot of equation 15 for
several different Vacc. Where maximum energy exchange
occurs for X = −1.3. As expected by design the largest
∆P occurs for an accelerating voltage of 11KV at 10.5
GHz.
III. CONCLUSION
This paper demonstrates that a metamaterial
FWTWT offers an additional factor to controlling the
4∆
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FIG. 4: Increase in EM power due to interaction with an
electron beam, for different electron beam energies.
gain-frequency characteristics, compared to the con-
ventional FWTWT where the characteristics de-
pend on the waveguide dimensions. Figure 4, the
change in power between wave and beam, shows that as
the accelerating potential is increased the frequency at
which maximum energy exchange is achieved is shifting
towards lower frequency. Although we note that even
for large differences in accelerating voltage the frequency
shift is small, this offers a precise way to tune the fre-
quency of operation.
The disadvantages are that the design is bandwidth
limited, and highly dependent on the metamaterial used.
Inherent ohmic losses associate with the MM are unavoid-
able. Future work in this area is to consider the use of a
MM which offers a broadband of negative behavior, and
a full discussion on the derivation of equation[15].
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